In this paper the nonlinear dynamics of a spur gear pair are researched based on the Incremental Harmonic Balance Method (IHBM), where the time-varying stiffness and backlash are included. Firstly, the general forms of the periodic solutions are established. Then the frequency-response of this system is investigated by IHBM, and the effects of damping ratio and amplitude of excitation on the response are also analyzed. Based on the results presented in this paper the periodic solution with arbitrary precision can be expeditiously obtained, which is useful in analyzing or controlling the dynamics of the gear system. Finally some problems ignored in other references are pointed out.
INTRODUCTION
In modern power transmission systems gear mechanisms are widely adopted due to their technical advantages. In order to design a gear system with good performance the dynamics of gear system should be considered. A good review on gear model and dynamics is presented in reference [1] , where the emphasis is on the linear case. Along with the development of nonlinear dynamics most researchers have concentrated on the nonlinear characteristic of gear systems, where the nonlinear elements such as gear backlash and time-varying stiffness are included [2] [3] [4] [5] . Up to now three main methods, the so-called analytical, numerical and experimental methods, have been adopted in studying nonlinear dynamics of gear systems. The first analytical method was Harmonic Balance Method (HBM) by A. Kahraman [2] , where some complex motions, such as chaotic and sub-harmonic resonances, were found in some zones of parameters. The second analytical approach one was the piecewise MultiScale Method [3] , where some routes from periodic motion to chaos were obtained. The numerical method was very common due to the complexity of this system, where the parametric continuation technique [4] was interesting and very useful to find higher order sub-harmonic resonances. The experimental method in reference [5] is typical and some important results have been found.
The Incremental Harmonic Balance Method (IHBM) is an efficient method to study piecewise-linear or nonlinear systems. Since the presentation of this method by Lau [6] many works on piecewise-linear or nonlinear systems have been fulfilled by IHBM. For example, the general forms of the solutions of the system with piecewise-linear stiffness were derived [7] by IHBM, and a similar procedure was applied to the system with piecewise-linear viscous damping [8] .
To the authors' knowledge, the general forms of the nonlinear system with timevarying parameters and piecewise-linear stiffness, such as gear systems, have not been obtained. In this paper, the IHBM computation scheme for the nonlinear gear system is established. Based on the formulae obtained by IHBM the frequencyresponse of the gear system is investigated. The effects of some parameters, including damping ratio and amplitude of excitation of the response have also been researched and some important results obtained which are useful to analyze or control the dynamics of gear systems.
PHYSICAL MODEL
Here a spur gear pair shown as Fig. 1 is studied, where the shaft and bearing are assumed to be rigid and the machining error is neglected. All the symbols used are given in the Appendix.
According to the Newtonian law of motion the equations of the torsional motion are
Obviously this system is semi-definite, and it could be transformed into Eq. (2a) by letting
Here m is the equivalent mass representing the total inertia of the gear pair, F is the average force transmitted through the gear pair, and f(x) is the nonlinear displacement function due to the backlash.
By letting Figure 1 A spur gear pair model.
Nonlinear Dynamics of a Spur Gear Pair with Time-Varying Stiffness and Backlash

JOURNAL OF LOW FREQUENCY NOISE, VIBRATION AND ACTIVE CONTROL
I b I a R a T a c T b R b K(t ) θ b θ a
Eq. (2a) can be rewritten as (3a)
(3b)
COMPUTATION SCHEME BASED ON IHBM
For convenience, Eq. (3a) can be written as (4) where and the symbol • denotes derivative with respect to . The periodic solution taking N harmonic terms can be expressed as (5) and accordingly (6) Substituting into Eq. (4) and expanding all the terms into Taylor series one obtains
Here the higher order terms of the small increment ∆x are neglected. Letting and applying Galerkin's procedure with the ∆a as the generalized coordinates one can obtain the 2N +1 linearized formulae (8) where The explicit forms for the elements of Jacobi matrix C and corrective vector R are shown as follow 
, 
cos . 
In the calculation procedure for Eq. (12) the value of should be 1 and the value of should be zero.
NONLINEAR DYNAMICS OF THE GEAR PAIR
According to reference [3] the basic parameters of the gear system are taken as: ε = 0.05, ƒ 0 = 0.9, and µ = 0.5. The number of harmonics considered is N =5 and the convergence of the periodic solution is examined by calculating the error estimate
Then one can obtain the frequency-response diagram (positive and negative peak displacement values versus the frequency of mesh) shown as Fig 2 and Fig 3. By the Floquet theory one can confirm the stability of the solutions, and only the stable solutions are shown here.
From the two figures, one can find the characteristic of frequency-response obtained in this paper is similar to the results in [3] , where the existence of backlash results in softening and hardening behaviors. Moreover by the method in this paper one can obtain not only the frequency-response to the main resonance (Ω = 1) but also the one to the 1/2 sub-harmonic resonance (Ω = 0.5), while only the frequencyresponse to the main resonance is obtained in [3] . Powerful software such as Matlab or Mathematica could render the calculation of the forms in Eq. (11) From these four figures one can obtain some important conclusions: 1.
Along with the increase of damping ratio the maximum response amplitude decreases and the minimum response amplitude increases gradually. When the damping ratio increases to a certain value the double-side impact (x min < −1) would disappear. If the damping ratio proceeds to increase to another certain value the single-side impact (−1 < x min < 1) would also disappear. It can be seen that increasing the damping ratio is useful to control the behavior of impact.
2.
With the increase of amplitude of excitation the maximum and minimum response amplitude would increase synchronously. When the amplitude of excitation increases the double-side and single-side impacts would vanish one by one. This result shows the amplitude is also an important parameter in controlling the impact.
CONCLUSION
In this paper the general forms of the periodic solutions for a spur gear pair with time-varying parameter and piecewise-linear stiffness are established by IHBM. Solutions with arbitrary precision can be expeditiously obtained based on the results presented here. The ways in which the parameters of the system affect the response are also investigated. These results are important in controlling the dynamical behavior of the nonlinear gear system.
